Introduction
Let S be a connected and simply connected unimodular solvable Lie group, K a connected compact group acting on S as automorphisms. We call the pair (K; S) a Gelfand pair if the Banach 3-algebra L 1 (KnKnS=K) of all K-biinvariant integrable functions on K n S is commutative. The assumption that (K; S) is a Gelfand pair prescribes the structure of S. For example, if (K; S) is a Gelfand pair, then S is of type R ( [BJR] , Corollary 7.4) and thus S has polynomial growth ( [J] , Theorem 1.4). In this paper we rst show that the nilradical N of S splits in S if (K; S) is a Gelfand pair. Let s be the Lie algebra of S.
Theorem A. If (K; S) is a Gelfand pair, then there exists a K-invariant abelian subspace a of s on which K acts trivially. Moreover putting A = exp a, one has S = A n N and K n S = (K 2 A) n N.
Suppose that (K; S) is a Gelfand pair. Since S has polynomial growth, the Banach 3-algebra L 1 (S) is symmetric ( [L] , Lemma 1). This fact tells us that all bounded K-spherical functions on S are positive denite (cf. [BJR] , Lemma 8.2). Thus to each bounded K-spherical function on S there corresponds an irreducible K-spherical representation of K n S (cf. [H] , Chapter IV). Let b N be the unitary dual of N and K the stabilizer of 2 b N in K. As an immediate consequence of
Typeset by A M S-T E X Theorem A, we see that bounded K-spherical functions on S are parametrized as ;;a with (; ; a) 2 b N=K 2 b K 2 a 3 . This parametrization improves that of [BJR] , Theorem 8.11 a little in the sense that we make an explicit use of the subgroup A = exp a.
Our second purpose of this paper is to realize the irreducible K-spherical representations e U ;;a of K nS by induction using the structure of K nS = (K 2A)nN, to which the parameters (; ; a) are closely related. Though S need not be of type I, Theorem A makes it possible to get all irreducible unitary representations of K n S from those of the nilradical N which is CCR. To carry out this, we need to know that N is regularly imbedded in K n S and what is the structure of the stabilizers like. Our Proposition 3.2 says that the (K 2 A)-orbit space b N=(K 2 A)
is equal to the K-orbit space b N=K as Borel spaces, which ensures the regularity of the imbedding of N in K n S. We denote by (K 2 A) the stabilizer of 2 b N in K 2 A. Making use of the theory of maximally almost periodic groups, we obtain Proposition B. There exists a vector group V isomorphic to A such that (K 2 A) = K 2 V , the direct product of K and V .
With these preparations it is straightforward to construct irreducible K-spherical representations of K n S. Continuing to suppose that (K; S) is a Gelfand pair, we know that (K; N) is also a Gelfand pair. Let 2 b N. We have a multiplicityfree decomposition H = 8 V of the representation space H of under the intertwining representation W of K by [C] . For the intertwining representation f W of (K 2 A) , there exists a 2 a 3 such that f W (k x ; x)j V is a scalar operator a (x) for every (k x ; x) 2 V , where a (exp X) = e p 01ha;Xi for a 2 a 3 ; X 2 a. Here it should be noted that we may assume W = f W j K (Proposition 5.1). Putting T = W j V , we have an irreducible unitary representation U ;;a (a 2 a 3 ) of (K 2 A) n N given by U ;;a (kk x ; x; n) = a0a (x)T (n) f W (kk x ; x); where k 2 K ; (k x ; x) 2 V and n 2 N. Combining the above with parametrization of K-spherical functions on S, we obtain Theorem C. The irreducible K-spherical representation of K n S corresponding to = ;;a is given by e U ;;a = Ind (K2A)nN (K2A) nN U ;;a .
We will make a further observation on the particular case where the following condition (C) is satised: (C) is the irreducible K-spherical representation of K n N corresponding to the Kspherical function ;;a j N .
We conclude this paper by giving three examples of Gelfand pairs. The rst is the pair (T 2 ; S), where S is the Mautner group, a simple example of non-type I solvable Lie group. This pair satises the condition (C) . The second is the pair (U(2); R n (H 2 2 C)), where H 2 is the Heisenberg Lie group homeomorphic to C 2 2R. The group U(2) acts on C 2 naturally and on C by scalar multiplications of the square of determinants. This pair satises the condition (C) but the stabilizer of some representation is not connected. The last is the pair (SU(2); RnH 2 ), where the action of SU(2) on H 2 is as in the second example. This pair does not satisfy the condition (C). Since K is compact and since S is unimodular, the group K n S is unimodular and has a Haar measure dkd. We denote by L 
Gelfand pairs
Let S be a connected and simply connected unimodular solvable Lie group, K a connected compact Lie group acting on S as automorphisms. In this section we give a description of the structure of S and K n S when (K; S) is a Gelfand pair. Denote by s = Lie(S) the Lie algebra of S and by n the nilradical of s, that is, the largest nilpotent ideal of s. By Leptin's theorem in [BJR] , p.108, there exists a subspace a of s on which K acts trivially, and we have a vector space direct sum s = a 8 n. Let X 2 s and y 2 S. We dene i X (y) = (exp X)y(exp X) 01 , that is, i X is the inner automorphism of S determined by exp X. Denote by N the analytic subgroup of S corresponding to n. Theorem 7.3 of [BJR] says that the pair (K; S) is a Gelfand pair if and only if the following two conditions are satised:
(1) (K; N) is a Gelfand pair. (2) For X 2 a and y 2 S, there exists k 2 K such that i X (y) = k 1 y. We rst show that these two conditions determine the structure of S and K n S as split group extensions of the nilradical N of S.
Theorem 2.1. Let a be as above. Then a is an abelian subspace of s. Moreover, one has S = A n N and K n S = (K 2 A) n N, where A is the analytic subgroup of S corresponding to a.
Proof. First we show that a is an abelian subspace of s. Theorem 7.3 of [BJR] It should be noted that our solvable Lie group S need not be of type I (see Example 7.1 below). Nevertheless, since N is CCR, the last assertion of Theorem 2.1 (together with the investigations of sections 3 and 4) enables us to realize all irreducible unitary representations of K n S by using the nilradical N instead of S. This will be done in section 5.
We conclude this section by describing bounded K-spherical functions on S = A n N using those on the nilradical N. Although such a description is given in Theorem 8.11 in [BJR] , our emphasis here is a parametrization given by an explicit use of the subgroup A = exp a, which their parametrization lacks. Let be a Kspherical function on S. For (x; n) 2 A n N, we have
where 1 N is the unit element of N. The function (0; n) is a K-spherical function on N by (1.1). On the other hand, one has (xy; 1 N ) = ((x; 1 N )(y; 1 N )) = Z K ((x; 1 N )(k 1 (y; 1 N )))dk = (x; 1 N )(y; 1 N ):
Since is bounded, there exists a 2 a 3 such that (x; 1 N ) = a (x), where a (exp X) = e p 01ha;Xi (X 2 a). Thus we have Proposition 2.2. Suppose that (K; S) is a Gelfand pair. Then every bounded Kspherical function on S is of the form ;;a (x; n) = a (x) ; (n) for some a 2 a 3 , where ; is the function dened by (1.2).
Orbit spaces
From now on we suppose that (K; S) is a Gelfand pair. In this section we investigate the smoothness of (K 2 A)-orbits space in b N. Denote by n 3 the dual space of n. The automorphism group Aut(n) of n acts on n 3 from the right by (l 1 ')(X) = l('(X)), where l 2 n 3 ; ' 2 Aut(n); X 2 n. Take a K-invariant real inner product h1; 1i on n. Theorem 7.3 in [BJR] says that for x 2 A; X 2 n, there exists k 2 K such that x 1 X = k 1 X. We have kx 1 Xk = kk 1 Xk = kXk, so that h1; 1i is (K 2 A)-invariant.
Lemma 3.1. Let l 2 n 3 . Then the K-orbit l 1 K is equal to the (K 2 A)-orbit l 1 (K 2 A) as sets.
Proof. It suces to show that l1A l1K. Using the inner product h1; 1i, we identify n with n 3 by l X (Y ) = hX; Y i for X; Y 2 n. Let x 2 A. Then 
Hence we arrive at l X 1 x = l X 1 k 2 l X 1 K. 3
Noting that Aut(N) = Aut(n) acts on b N from the right by ( 1')(n) = ('(n)), where 2 b N; ' 2 Aut(N); n 2 N, we have Proof. Take l 2 n 3 for which is equivalent to l via Kirillov's theory. For x 2 N and ' 2 Aut(n), we have Ad 3 (x)(l 1 ')(X) = (l 1 ')(Ad(x 01 )X) = l(Ad('(x 01 ))'(X)) = (Ad 3 ('(x))l)('(X)); X 2 n:
Thus Ad 3 (N)(l 1 ') = (Ad 3 (N)l) 1 '. 
Stabilizers
In order to study the structure of the stabilizers with which the Mackey machine works, we need the theory of maximally almost periodic groups. Let us summarize it here briey. Our reference is the book [D] , Chapter 16, where the term \injectable in a compact group" is used instead. Let G be a topological group, C b (G) the Banach space of all bounded continuous functions on G with uniform convergence topology. For x 2 G, we set f x (y) = f(x 01 y) for y 2 G. The function f 2 C b (G) is said to be almost periodic if ff x j x 2 Gg is relatively compact in C b (G). We call G a maximally almost periodic group if for distinct x; y 2 G, there exists an almost periodic function f such that f(x) 6 = f(y). This condition is equivalent to the condition that there exist a compact group K and a continuous injective homomorphism ' : G ! K.
We know by [D] , Theorem 16.4.6 that (4.1) a connected locally compact group G is maximally almost periodic if and only if it is the direct product of a compact group K and a vector group V .
We note that (4.1) is no longer true if G is not connected. But under a certain compactness condition, the structure of G is still knowable. is an ideal of n. We put Aut(n) = f' 2 Aut(n) j ' ' g. Recall the K-invariant real inner product h1; 1i on n taken in section 3. If (k; x) 2 K 2 A, the action of (k; x) on n is in Aut(n)
T O(h1; 1i), where O(h1; 1i) is the orthogonal group for h1; 1i. Proof. If dim n=b(l) = 1, the proposition is trivial. Suppose that dim n=b(l) > 1. Put G = Aut(n)
T O(h1; 1i) for simplicity. Since G is compact, there exists a Ginvariant subspace V of n=b(l) complementary to n(l)=b(l), the center of n=b(l).
Moreover a complex inner product (1; 1) on V can be dened so that G is included in U(V; (1; 1)), the unitary group for (1; 1) (see for example [Ki] We recall that every bounded K-spherical function is expressed as = ;;a . 
where k 2 K ; (k x ; x) 2 V; n 2 N. Then it holds that (5.5)
Then we have for k 0 2 K ; (k x 0; x 0 ) 2 V ,
On the other hand one has U ;;a (k 0 k x 0; x 0 ; n 0 )f(k; x; n) = U ;;a (k 0 k x 0; x 0 ; n 0 )( a (x)(
Here the formulas (5.3)(5.5) lead us to a (x 0 )(T (k 0 ) f W (k 0 k x 0; x 0 ))v = v, which in turn implies U ;;a (k 0 k x 0; x 0 ; n 0 )f(k; x; n) = a (xx 0 )(1 (n 0 )((k 0 k x 0 ; x 0 ) 1 n))v:
This together with (5.6) says that f is an element of the representation space We now calculate h e U ;;a (1 K ; x; n)f; fi, where 1 K is the unit element of K. First we have e U ;;a (1 K ; x; n)f(k 0 ; x 0 ; n 0 ) = f((k 0 ; x 0 ; n 0 )(1 K ; x; n)) = f(k 0 ; x 0 x; n 0 ((k 0 ; x 0 ) 1 n)) = a (x 0 x)(1 (n 0 )((k 0 ; x 0 ) 1 n))v:
So denoting by the same symbol d the quasi-invariant measures on (K 2 A) n Nn(K 2 A) n N, (K 2 A) nK 2 A and K nK, we get In this section, we use the notation in section 2 and suppose that (K; S) is a Gelfand pair. As we remarked before, the condition (2) in section 2 does not necessarily imply that the action of A on N can be described through a homomorphism of A into K. This being so, we take here a closer look at the particular case where the following condition (C) is satised: (C) there exists a continuous homomorphism ' : A ! K such that x1n = '(x)1n for all x 2 A and n 2 N.
Under the condition (C), we can take a specic group as V in Proposition 4.4, namely we put V 0 = f('(x) 01 ; x) j x 2 Ag. Then we have Lemma 6.1. Suppose that K acts on N eectively. Then
(1) The image of ' is in the center of K.
(2) One has K 2 A = K 2 V 0 , so that K n S = (K n N) 2 V 0 .
Proof. (1) For x 2 A; k 2 K; n 2 N, we have (k'(x)) 1 n = k 1 (x 1 n) = x 1 (k 1 n) = ('(x)k) 1 n; whence k'(x) = '(x)k, because of the eectiveness of the K-action on N.
(2) The former is obvious, and for the latter note that V 0 acts on N trivially. 3 Lemma 6.2. Let = l be the irreducible unitary representation of N corresponding to l 2 n 3 . Then (1) l 1 V 0 = l, so that l 1 (K 2 A) = l 1 K, (2) (K 2 A) = K 2 V 0 .
Proof.
(1) For x 2 A; X 2 n, we have (l 1 ('(x) 01 ; x))(X) = l(('(x) 01 ; x) 1 X) = l(X). Hence l 1 V 0 = l. The second assertion follows from Lemma 6.1 (2).
(2) For x 2 A; n 2 N, one has ('(x) 01 ;x) (n) = (('(x) 01 ; x) 1 n) = (n). Therefore we get (K 2 A) = (K 2 V 0 ) = K 2 V 0 . 3
Now we construct irreducible K-spherical representations of K n S. By Lemma 6.1, K n S is the direct product of K n N and a vector group V 0 . Hence each irreducible K-spherical representation of K n S is the tensor product of the representations of K n N and V 0 . Thus putting r 1 ;r 2 = (r 1 ;0;r 2 ;0) for simplicity, we take a system of representatives by f r 1 ;r 2 j r i 0 for i = 1; 2g. Example 2. We next give an example in which the stabilizer of some representation is not connected. Let H 2 be the 5-dimensional Heisenberg Lie group with Lie algebra h 2 . We shall identify the undelying manifold of H 2 with C 2 2 R. We put A = R and make A act on H 2 2 C by x 1 ((z 1 ; z 2 ); t; z 3 ) := ((e p 01x z 1 ; e p 01x z 2 ); t; e 4 p 01x z 3 ); where z i 2 C (i = 1; 2; 3) and x; t 2 R. With this action we form the semidirect product S = A n (H 2 2 C). Denote by s the Lie algebra of S. The nilradical n of s is h 2 2 C. The corresponding analytic subgroup of S will be denoted by N. Let the action of K = U(2) on S be k 1 (x; (z 1 ; z 2 ); t; z 3 ) := (x; k 1 (z 1 ; z 2 ); t; (det k) 
